A bipartite biregular (n, m; g)-graph G is a bipartite graph of even girth g having the degree set {n, m} and satisfying the additional property that the vertices in the same partite set have the same degree. An (n, m; g)-bipartite biregular cage is a bipartite biregular (n, m; g)-graph of minimum order. In their 2019 paper, Filipovski, Ramos-Rivera and Jajcay present lower bounds on the orders of bipartite biregular (n, m; g)-graphs, and call the graphs that attain these bounds bipartite biregular Moore cages.
Introduction
The well-known Cage Problem is the problem of finding k-regular graphs of girth g (which we shall call (k, g)-graphs) and smallest possible orders for all pairs of parameters k ≥ 2, g ≥ 3 (with the smallest graphs called (k, g)-cages). An exact solution for the Cage Problem is only known for very limited sets of parameter pairs (k, g), in particular, for the cases when the orders of the (k, g)-cages match a simple lower bound due to Moore [8] . These special graphs are called Moore graphs, and in the case of even g = 6, 8 or 12, Moore graphs are known to be the point-block incidence graphs of projective planes, generalized hexagons, and generalized quadrangles, respectively.
Due to the universally acknowledged complexity of the Cage Problem -and also to gain additional insights -several relaxations of the original problem have been introduced [5, 8] . One such relaxation focuses on biregular graphs of girth g and calls for finding smallest graphs of girth g admitting a two-element degree set {n, m} [4, 9, 12] . Naturally, considering graphs from these more relaxed classes requires correspondingly adjusting the Moore bounds. Unlike the case of the classical Cage Problem, biregular graphs of degrees n, m and girth g whose orders match the adjusted Moore bound were shown to exist for all pairs n, m where m is considerably larger than n and g is odd [9] . However, the case of even girth remains wide open [4, 15] . A well-known conjecture concerning (k, g)-cages of even girth asserts that all even girth cages ought to be bipartite (see, for example, [10, 13] ). In connection to this conjecture, a further specialization of the biregular cage problem has been introduced in [11] , in which the authors proposed to study the bipartite biregular (n, m; g)-graphs which are bipartite graphs of even girth g having the degree set {n, m} and satisfying the additional property that the vertices in the same partite set have the same degree. This is also the class we consider in our paper. The corresponding adjusted Moore lower bounds B(n, m; 2r) for the orders of the bipartite biregular (n, m; 2r)-cages derived in [11] take the form:
when r is even, and
when r is odd.
The difference between the order of a bipartite biregular (n, m; 2r)-graph G and the corresponding adjusted Moore bound B(m, n; 2r) is called the excess of G, and in [11] , the authors succeeded at proving the non-existence of bipartite (m, n; g)-graphs of excess at most 4 for all parameters m, n, g where g ≥ 10 and is not divisible by 4, and m > n ≥ 3. They also proved for all pairs m, n, m > n ≥ 3, that the asymptotic density of the set of even girths g ≥ 8 for which there exists a bipartite (m, n; g)-graph with excess not exceeding 4 is equal to 0. Following the usual way of naming graphs whose orders match the Moore bound, we shall call bipartite biregular (n, m; 2r)-graphs whose orders match the corresponding adjusted Moore bound (1) or (1) bipartite biregular Moore (n, m; 2r)-cages.
In this paper, we use a a connection to balanced incomplete block designs to present infinite families of bipartite biregular Moore (n, m; 6)-cages; and, for larger girths, we explore a connection between bipartite biregular Moore (n, m; g)-graphs, g = 8, 12 or 16, and generalized polygons. Our approach is analogous to a well established connection between the existence of (k, g)-Moore graphs and finite geometries.
Preliminaries
In this section we introduce definitions and theorems concerning block designs and generalized polygons which are well-known to experts in these fields. Nevertheless, for the sake of completeness, we include these as they will be used throughout our paper.
Block designs and Steiner systems
All definitions and results given in this subsection can be found for example in [6] . Definition 1. A balanced incomplete block design (BIBD) is a collection of k-subsets (called blocks) of a v-set S, k < v, such that each pair of elements of S occur together in exactly λ blocks.
The number of blocks is denoted by b and the design is denoted as a (v, k, λ)-design. Sometimes a (v, k, λ)-design is described as a (v, b, r, k, λ)-design, but it is important to realize that, once v, k and λ are known, the other two parameters are uniquely determined. The next concept is a generalization of a BIBD. Definition 3. Let t, v, k, λ be integers with v ≥ k ≥ t ≥ 2 and λ > 0. A t − (v, k, λ)-design is a collection of k-subsets (blocks) of a v-set S such that every t-subset of S is contained in exactly λ blocks. We observe that a 2-design is just a BIBD.
A Steiner system is a t-design with λ = 1, that is: Definition 4. A Steiner system S(t, k, v) is a collection of k-subsets (blocks) of a v-subset S such that every t-subset of S is contained in exactly one of the blocks. Note that we use S(t, k, v) as an equivalent to t − (k, v, 1). Note also that Steiner systems S(2, k, v) are just (v, k, 1) BIBDs.
In this paper, we will be specifically interested in Steiner systems, for which we will show that their point-block incidence graphs are related to bipartite biregular cages; the main topic of our paper. In particular, we obtain our best results when k = 3, in which case the Steiner systems S(2, 3, v) are called Steiner triple systems and are denoted by ST S(v).
The equalities given in Theorem 2 yield that if a Steiner system exists, it necessarily holds that
Steiner systems are known to exist for certain specific values of k and v, but the general question for which values of k there exists a Steiner system is a well-known open problem; the congruences given above constitute necessary but not sufficient conditions. However, for k = 3, it has already been proved by Kirkman that these conditions are both necessary and sufficient, and an ST S(v) exists if and only v ≥ 7 is congruent to 1 or 3 modulo 6 [6] .
Generalized Polygons
To learn more about the definitions and results given in this subsection consult for example [14] . A geometry (P, L, I) is a triple consisting of disjoint sets P and L, called points and lines related through the incidence relation I ⊆ P × L that determines which points from P belong to which lines in L. An ordinary n-gon arises naturally from the regular n-gon in the plane.
Definition 5. Let n ≥ 1 be a natural number. A weak generalized n-gon is a geometry Γ = (P, L, I) such that the following two axioms are satisfied:
1. Γ contains no ordinary k-gon (as a subgeometry) for 2 ≤ k < n.
2. Any two elements x, y ∈ P ∪ L are contained in some ordinary n-gon (again as a subgeometry) in Γ.
A generalized n-gon is a weak generalized n-gon Γ which satisfies the additional axiom:
3. There exists an ordinary (n + 1)-gon (as a subgeometry) in Γ.
As with the Steiner systems, we will be interested in the point-line incidence graphs of (weak) generalized n-gons. The following lemma establishes the fundamental connection.
Lemma 6 ([14], Lemma 1.3.6). A geometry Γ = (P, L, I) is a (weak) generalized n-gon if and only if the incidence graph of Γ is a connected graph of diameter n and girth 2n, such that each vertex lies on at least three (at least two) edges.
Every generalized polygon Γ can be associated with a pair (s, t), called the order of Γ, such that every line is incident with s + 1 points, and every point is incident with t + 1 lines [14] . This means, in particular, that the incidence graph of Γ is a bipartite biregular graph with the two degrees s + 1 and t + 1. In addition, the following result determines the orders of the two partite sets.
Theorem 7 ([14]
, Corollary 1.5.5). If there exists a Γ = (P, L, I) (weak) generalized n-gon of order (s, t) for n ∈ {3, 4, 6, 8} then:
In 1964, Feit and Higman proved that finite generalized n-gons exist only for n = {3, 4, 6, 8}. When n = 3, we have the projective planes; when r = 4, we have the generalized quadrangles, which are known to exist when s = t or t = s 2 ; when r = 6, we have the generalized hexagons, which also exist in the regular case s = t and when t = s 3 ; and finally, for r = 8, we have the generalized octagons, which only exist when s = t 2 . The rest of the paper is dedicated to our contributions.
Bipartite biregular cages of girth 6
As argued in [11, 15] , any (n, m; 6)-graph has at least the following number of vertices
and we shall call the graphs whose orders attain this lower bound the (n, m; 6)-Moore cages. In general, given an (n, m; 6)-graph G, the excess of G is the difference e = |V (G)| − n 0 (n, m; 6).
Bipartite biregular Moore cages associated to Steiner systems
In this section we will prove that the existence of a Steiner system immediately yields the existence of a bipartite biregular Moore cage.
Theorem 8. The point-block incidence graph G of a Steiner system S(2, k, v), k ≥ 3, is a (bipartite biregular) (k,
-cycle to belong to both of its blocks, which would violate the condition λ = 1. Since every pair of vertices belongs to a block, any 3-set of vertices not belonging to the same block of the Steiner system together with the three blocks containing the three 2-subsets of this 3-set forms a 6-cycle.
Thus, to complete the proof of our theorem, we only need to show that the order of the point-block incidence graph G of a Steiner system S(2, k, v) attains the lower bound (1). Using Theorem 2 implies v = r(k − 1) + 1 and r = bk/v, and therefore
Hence, |V (G)| = n 0 (r, k; 6), as defined in (1), and the incidence graph of the Steiner system S(2, k, v) is a (k, r; 6)-Moore cage.
Obviously, the above graphs are truly biregular only if r = k. Recall that if the Steiner system S(2, k, v) is in fact a projective plane of order r − 1, then r = k. Thus, Theorem 8 is a generalization of the well-known result stating that the point-line incidence graph of a projective plane of order q is a (q + 1, 6)-Moore cage (see, e.g., [8] ). Moreover, as the affine plane of order q is also a Steiner system S(2, q, q 2 ), we have the following result:
Corollary 9. The point-line incidence graph G of an affine plane of order q is a (bipartite biregular) (q, q + 1; 6)-Moore cage.
In particular, Figure 5 in [11] is the incidence graph of a affine plane of order 3.
Bipartite biregular cages associated with Steiner triple system.
The results of the previous subsection show that the existence of a Steiner system S(2, k, v) gives rise to a bipartite biregular (k, r; 6)-Moore cage, where the parameter r is determined by the parameters k and v. Since no classification of the parameter pairs (k, v) admitting the existence of an S(2, k, v) exists, this type of result does not allow for classifying the parameter pairs (k, r) admitting the existence of a bipartite biregular (k, r; 6)-Moore cage. As pointed out in Section 2.1, the k = 3 situation is different in that we have a classification of the pairs (3, v) that admit the existence of an S (2, 3, v) . Thus, in this section we will focus on Steiner triple systems and determine the orders of the (3, m; 6)-bipartite biregular cages for all values of m.
Recall Let e denote the excess of G (as compared to n 0 (3, m; 6)), and recall that b = In particular, a = 2m 2 +7m+3+2+3e m+3 must be an integer. Since 2m 2 + 7m + 3 = (m+ 3)(2m+ 1), the expression m+ 3 divides 2m 2 + 7m+ 3 evenly, and therefore the remaining fraction 2+3e m+3 must be an integer as well. However, if e were smaller than
Theorem 11. Let m > 3 be an integer.
1. If m ≡ 0, 1 (mod 3), then a (3, m; 6)-biregular bipartite cage is the pointblock incidence graph of the Steiner triple system ST S(2m + 1) of order n 0 (3, m; 6).
If m ≡ 2 (mod 3)
, then the order of a (3, m; 6)-biregular bipartite cage is n 0 (3, m; 6) + m+3 3 . Proof. If m ≡ 0, 1 (mod 3), then 2m+1 ≡ 1 or 3 (mod 6), the Steiner triple system ST S(2m+1) exists, and its point-block incidence graph of order n 0 (3, m; 6) is a (3, m; 6)-biregular bipartite cage as argued in Theorem 8.
Next assume that m ≡ 2 (mod 3). Lemma 10 asserts that the order of any (3, m; 6)-biregular bipartite graph G is greater than or equal to n 0 (3, m; 6)+ m+3 3 . Thus, to prove the second claim of our theorem, we just need to prove the existence of a (3, m; 6)-biregular bipartite graph G of order equal to n 0 (3, m; 6)+ Since m ≡ 2 (mod 3), it follows that 2m + 3 ≡ 1 ( mod 6), and thus an ST S(2m + 3) exists. Let G ′ be the (3, m + 1; 6)-biregular bipartite incidence graph of this Steiner triple system. We shall construct the desired (3, m; 6)-biregular bipartite graph G of order n 0 (3, m; 6) + m+3 3
by removing vertices and edges from the graph G ′ . Let x be a point and b be a block of the ST S(2m + 3) containing x. Let f = (x, b) be an edge of G ′ , and let
, where N (x) is the neighborhood of x in G ′ , i.e., the set of all blocks of the ST S(2m + 3) containing x. We claim that G is a (3, m; 6)-biregular bipartite graph (see Figure 1) . First, none of the remaining blocks contains the point x, and hence each of them is connected to 3 of the remaining points. Hence all the remaining blocks represent vertices of degree 3 and no two of them are adjacent. As for the remaining points, they all have been originally adjacent to m + 1 blocks, and are now adjacent to one less block -the block they shared with x -and hence represent mutually nonadjacent vertices of degree m. Since G contains no vertices of degree 1 or 0, it is not a forest and contains at least one cycle. We claim that the number of vertices of G is too small for G to be of girth 8. To prove this, as well as to prove that G is a (3, m; 6)-cage, we determine the order of G: , and thus the girth of G cannot be 8. For an example, consider Figure 2 which depicts a part of the bipartite biregular graph G ′ that is a (3, 6; 6)-Moore cage. It is the incidence graph of a Steiner triple system ST S(13) with the blue points corresponding to the 13 elements (denoted as {0, 1, . . . , 9, A, B, C}) and the red points corresponding to the 26 blocks (note that the edges that are not drawn in Figure 2 can be easily determined by the incidence rule: the point x belongs to the blocks xyz independently of the values of y an z).
On one hand, On the other hand, it follows from Figure 2 that
and G is necessarily a cage.
Bipartite biregular cages of girths 8, 12 and 16
We close our paper with two results concerning biregular bipartite (n, m; 2r)-graphs for r ∈ {4, 6, 12} using the identities given in Theorem 7. The first result follows immediately from Lemma 6, Theorem 7 and the existence results mentioned in the paragraph following these. It deals with biregular bipartite Moore cages of girths 8, 12 and 16.
Theorem 12. There exist infinite families of biregular bipartite Moore cages with parameters (n + 1, n 2 + 1; 8), (n + 1, n 3 + 1; 12) and (n + 1, n 2 + 1; 16).
Finally, we address the existence of biregular bipartite (n, m; 2r)-graphs in relation to the Moore bound B(n, m; 2r) (1) and (1) proved in [11] . The idea behind the proof included in [11] is to consider a tree denoted by T uv whose order matches the Moore bound B(n, m; 2r) and is called the Moore tree. It is necessarily contained in any biregular bipartite (n, m; 2r)-graph and consists of trees T u and T v attached to the vertices u and v of an edge f = uv. Each of the two trees consists of levels of vertices of varying degrees n and m and depth r −1 (one starting of a root of degree n − 1 and one starting of a root of degree m − 1, and the last level consisting of vertices of degree 1). Thus, T uv is the union of an edge f = uv and two disjoints trees T u and T v , rooted in f = uv, where V (T uv ) = V (T u ) ∪ V (T v ) and E(T uv ) = E(T u ) ∪ E(T v ) ∪ f . A biregular bipartite (n, m; 2r)-Moore cage exists if and only if the tree T uv can be completed into an (n, m; 2r)-graph by adding n − 1 edges to each leaf of T u connecting these leaves to the leaves of the tree T v in such a way that that each leave of T v ends up being of degree m and no cycles shorter than 2r are introduced.
Using techniques introduced in the study of the (k; g)-cage problem (see for example [1, 2, 3] ), we obtain the following extension of Theorem 12 to other classes of parameters (n, m; 2r). Proof. Let G be a biregular bipartite Moore (n + 1, m + 1; 2g)-cage whose existence is guaranteed by Theorem 12. As argued above, the Moore graph G contains the Moore tree T uv with the additional edges connecting the leaves of the two subtrees T u and T v . Deleting the edges and vertices of T uv other than the leaves and the edges connecting them yields a bipartite biregular graph with the desired parameters.
We do not know whether the graphs constructed in the proof of the above theorem are cages or not.
